Abstract. It is well-known that the free electron Kondo problem can be described by a one-dimensional (1D) model because only the s-wave part of the electronic wavefunction is affected by the Kondo coupling. Moreover, since only the spin degrees of freedom are involved in the Kondo interaction, and due to spin-charge separation in 1D, the universal low energy long distance physics of the Kondo model also arises when a magnetic impurity is coupled to the end of a gap-less antiferromagnetic J 1 −J 2 spin-1 2 chain, where J 1 (J 2 ) is the (next-)nearest neighbor coupling. Experimental realizations of such spin chain models are possible and using various analytical and numerical techniques, we present a detailed and quantitative comparison between the usual free electron Kondo model and such spin chain versions of the Kondo problem. For the gap-less J 1 − J 2 spin chain two cases are studied, with zero next nearest neighbor coupling, J 2 = 0, and with a critical second neighbor coupling, J 2 = J c 2 . We first focus on the spin chain impurity model with a critical second neighbor antiferromagnetic exchange J 
of this spin chain impurity model (J 2 = 0) Frahm and Zvyagin noted this relation as well as the connection to the Kondo problem. Here, by numerically solving the Bethe ansatz equations we provide further evidence for the connection to Kondo physics and in addition we present low temperature Quantum Monte Carlo results for the impurity susceptibility that further support this connection. 
Introduction
The usual Kondo Hamiltonian [1, 2] contains a Heisenberg interaction between an impurity spin and otherwise non-interacting electrons. A simple model takes a free electron dispersion relation and a δ -function Kondo interaction:
Upon expanding in harmonics, this can generally be reduced to a one-dimensional model of electrons on a semi-infinite line interacting with the impurity spin at the origin [3] . We shall refer to this model as the standard free electron Kondo model (FEKM) . A closely related model consists of an open gap-less spin- 1 2 Heisenberg chain, defined on a semi-infinite line, with one coupling at the end of the chain weaker than the others, described by the following Hamiltonian (see Fig. 1 ):
(1.2) More generally, it is of interest to add a frustrating second neighbor interaction, J 2 , to this gap-less spin Hamiltonian while keeping the open boundary conditions. In this case we arrive at a slightly generalized version of the SCKM:
(1.3)
In the following we shall always set J 1 ≡ 1. We refer to both spin chain models, 
Here v is the characteristic velocity of the low energy excitations. Physical quantities with zero anomalous dimension are expected to show scaling with ξ K /L. Strong evidence for the occurrence of Kondo physics in the low-energy sector of the SCKM can therefore be established if estimates, not only of ξ K (or equivalently T K ), but of the entire scaling functions coincide in the SCKM and FEKM. We show that this is clearly the case for the SCKM at J 2 = J c 2 while for the SCKM at J 2 = 0 the logarithmic corrections arising from the marginal coupling constant g leads to scaling violations and as mentioned above, the divergence of T K and therefore ξ K acquires an unusual exponential square root behavior. Still, the strong coupling limit remains that of a fully screened impurity for J 2 = 0 (g > 0).
Our conclusions will be confirmed in detail through large-scale numerical calculations. To this end, we have made extensive use of the two known exact Bethe ansatz solutions, for the FEKM [9, 10] and for the SCKM at J 2 = 0 [8] . Numerical results are then obtained by solving the two sets of Bethe ansatz equations (BAE) for finite systems of size L at T = 0. At finite T , we also obtain quantum Monte Carlo (QMC) results for the SCKM at J 2 = 0. For general J 2 , and in particular at J c 2 where the relation between the SCKM and FEKM is most direct, the SCKM is not exactly solvable and a sign problem appears in QMC simulations due to the frustrating term J 2 . Fortunately, high precision results for the SCKM at T = 0 in this regime (J 2 = 0) can be obtained using Density Matrix Renormalization Group (DMRG) methods.
These results are useful in two ways. First of all, the SCKM has distinct advantages over the free electron version for numerical simulation since the Hilbert space grows much more slowly with system size, L, as 2 L rather than the 4 L behavior of the free electron model. (On the other hand, the Numerical Renormalization Group technique provides a powerful alternative numerical approach for the free electron model.) In particular, we presented extensive DMRG results on entanglement entropy for the Kondo model using the spin chain version in [11, 12, 3] . In addition, experimental realizations of the SCKM are possible, in particular in muon spin resonance experiments [13] . In experiments on spin chains the coupling J 2 usually cannot be tuned and a detailed understanding of the relation to the FEKM as J 2 is varied over experimentally realistic values is therefore of considerable interest.
This paper is organized as follows. In section 2 we briefly review the field theory and renormalization group (RG) treatment of both free electron and spin chain Kondo models. We then study the interplay of the marginal bulk interaction and Kondo interaction in the SCKM, explaining the origin of the exponential square root form of the Kondo temperature using a renormalization group approach. In section 3 we present results on the SCKM with a (bulk) next nearest neighbor interaction, Eq. (1.3), tuned to the critical point, J c 2 ≈ 0.2412, separating gap-less and dimerized phases. The presence of the frustrating coupling, J 2 , allows the bulk marginal coupling, g to be tuned and at the critical point, J c 2 , it vanishes, g = 0, where excellent agreement is obtained with the FEKM. A precise relationship between J ′ K in the SCKM and the Kondo coupling, λ K , in the FEKM is obtained in this case which is needed for detailed comparisons [3, 12] . This relation is established in sub-section 3.1. In sub-section 3.2 we then turn to a discussion of the finite-size corrections to the triplet-singlet gap in the FEKM and SCKM (at J c 2 ) and the resulting scaling with ξ K /L. This allows for a convenient way of extracting ξ K and we show that estimates of ξ K and the entire scaling function coincide in the FEKM and SCKM at J 2 = J c 2 . We end section 3 by deriving the finite-size corrections to the ground-state energy in sub-section 3.3. As previously shown [3, 12] , a universal term proportional to the Kondo length scale can be identified in the ground-state energy at intermediate values of the Kondo coupling. This allows for an independent and absolute estimate of ξ K in the SCKM in excellent agreement with those obtained from the scaling of the singlet-triplet gap. In section 4 we turn to a discussion of our results for the nearest neighbor SCKM, Eq. (1.2), with J 2 = 0 where g > 0 and logarithmic corrections arising from g are present. In subsection 4.1 we first calculate the impurity susceptibility of the SCKM (J 2 = 0) at finite temperature using QMC and compare it to the known result for the FEKM obtained from the BAE. In sub-section 4.2 we discuss the singlet-triplet gap for the finite size system. The result is compared with weak and strong Kondo coupling perturbative results, supplemented by weak coupling perturbation theory in g for the SCKM. This is shown to be a convenient quantity for extracting the Kondo screening cloud size, ξ K . It compares well to the expected v s /T K where v s is the characteristic velocity. We then discuss the finite size corrections to the ground-state energy for the SCKM with finite ξ K and g > 0 in sub-section 4.4. We close section 4 by discussing Bethe ansatz results of the T = 0 magnetization [8] , M(H), in sub-section 4.5. We observe that, in addition to the standard scaling function of H/T K which occurs in the FEKM, additional scaling violating terms appear which can be expanded in g(H). Finally, in section 5 we summarize our results by showing T K (J ′ K ) as obtained for the SCKM both at J 2 = 0 and J c 2 , and compare to the formula obtained by FZ and to that obtained from RG calculations in section 2.
The Kondo effect: A one dimensional problem

Low energy theory
Due to the spherically symmetric free particle dispersion relation of the 3D model in Eq. (1.1), we may expand the electron annihilation operators in spherical harmonics. Due to the δ-function form of the Kondo interaction, only the s-wave harmonic interacts with the impurity. (See, for example, [14] for more details.) Assuming a weak Kondo coupling, we may linearize the dispersion relation near the Fermi momentum, k F , yielding the 1D low energy effective Hamiltonian:
Here the left and right moving Fermi fields are functions of (v F t + x) and (v F t − x) respectively and obey the (unconventionally normalized) equal time anti-commutation relations: 2) and the boundary condition at the origin:
[We have adopted the normalization conventions for the fermion fields and the definition of λ K used in [14] . λ K = νJ K where ν is the density of states (per spin) ν = k F m/(2π 2 ).] A convenient way of analyzing the 1D model is to bosonize, since this separates spin and charge degrees of freedom. First we take advantage of the boundary conditions (2.3) and the fact that ψ L/R (t, x) = ψ L/R (v F t ± x), to write the right movers as the analytic continuation of the left movers to the negative axis:
Then the Hamiltonian, written in terms of left-movers only, becomes:
It is possible to write the kinetic energy in a form quadratic in charge and spin currents:
(Here repeated indices are summed.) The Hamiltonian becomes:
The spin and charge currents operators may be expressed in terms of spin and charge boson fields and only the spin bosons couple to the impurity, S. The kinetic energy terms just correspond to free massless (charge and spin) boson kinetic energies.
Renormalization group
For a weak bare coupling, we can estimate ξ K as the length scale at which the effective coupling becomes O(1). From the weak coupling β-function, the variation of the effective Kondo coupling as we vary the length scale is:
Here λ K (L) is the effective coupling at length scale L. Alternatively, we may identify L with v F /E where v F is the velocity and E is a characteristic energy scale such as a temperature or magnetic field. We may integrate this equation from a length scale of the order a lattice constant, a, up to ξ K with the effective Kondo coupling varying from its bare value λ 
Note that the first factor, in square brackets is simply a constant. Including higher order terms in the β-function only leads to relatively small corrections of the form:
(Here we have dropped the subscript 0 from λ K which refers to the bare value of the Kondo coupling.) We may solve for the effective coupling at scale L in terms of ξ K at weak coupling (i.e. L ≪ ξ K ):
Fermi liquid theory
At low energies and long length scales, the effective Kondo coupling becomes large, and the effective Hamiltonian flows to the strong coupling fixed point. We may think of this fixed point as one where the impurity spin is "screened", i.e. it forms a singlet with a conduction electron. The remaining electrons behave, at low energies and long length scales, as if they were non-interacting, except that they obey a modified boundary condition reflecting the fact that they cannot break up the singlet by occupying the same orbital as the screening electron. This modified boundary condition corresponds to a π/2 phase shift. Correspondingly in the spin chain Kondo model, the impurity spin gets "adsorbed into the chain" and no longer behaves like a paramagnetic spin at low energies and long distances. The leading corrections to this low energy long distance picture are described by lowest order perturbation theory in the leading irrelevant operator at the strong coupling fixed point. This is an interaction between the remaining conduction electrons, near the screened impurity. (It doesn't involve the impurity itself since it is screened and doesn't appear in the low energy effective Hamiltonian.) This leading irrelevant operator is J L · J L (0) [15, 16] . From (2.7), we see that this is proportional to the spin part of the free electron energy density, H s,L (0). The energy density has dimensions of (energy)/(length) so the corresponding coupling constant in the effective Hamiltonian must have dimensions of length. On general scaling grounds we expect it to be proportional to ξ K . The precise constant of proportionality simply corresponds to giving a precise definition of what we mean by ξ K . We adopt the convention:
Here the subscripts s and L are a reminder that this is the spin only part of the energy density for left movers. Note that if we start with a system of length L imposed OBC (with left and right movers), then we can map into a system of periodic length 2L with left movers only. For the purpose of doing first order perturbation theory in H int for quantities like the susceptibility, specific heat or ground state energy, which are translationally invariant in 0 th order, we may replace [14] H int by:
This is equivalent to a length dependent reduction of the velocity:
This then implies that the T = 0 susceptibility, which is L/(2πv F ) in the absence of the Kondo impurity becomes:
Thus the zero temperature impurity susceptibility is 1/(4T K ). It is this form of the impurity susceptibility, simply related to the high temperature, free spin behavior, 1/(4T ), which motivates the definition of ξ K (and hence (2.12) . We note that this interaction H int is present even in the absence of an impurity, for free fermions but then the coupling constant is of order a lattice constant. Similarly, it is also present for the spin chain with no impurity (i.e. J ′ K = 1) with a coupling constant of order a lattice constant. The effect of a weak Kondo coupling is to make this coupling constant large. We emphasize that this precise choice of definition of T K has no physical consequences. The power of Fermi liquid theory is to predict not only the form of low energy quantities but also ratios of various low energy quantities such as impurity susceptibility, impurity specific heat, resistivity, etc., corresponding to various generalized Wilson ratios.
Field theory approach to the Spin Chain Kondo Model
A field theory approach to the spin chain Hamiltonian of Eq. (1.2) is obtained by bosonization. The spin operators have uniform and staggered parts:
where a is the lattice constant and J L/R , n vary slowly on that scale. The left and right moving current operators are equivalent to the corresponding operators in the free fermion model. On the other hand, the staggered spin density, n, with a scaling dimension of 1/2, has no counterpart in that model. The low energy effective Hamiltonian is simply that of the spin part of the free electron Hamiltonian,
Here v s is the spin velocity. In addition, there are various irrelevant operators appearing in the effective Hamiltonian. The only one which is important at long distances and low energies is a marginally irrelevant interaction,
The bare coupling constant, g 0 , has a positive value of O(1) but renormalizes to zero at low energies and long lengths scales. As a frustrating next neighbor interaction, J 2 is turned on g 0 decreases, passing through zero at a critical coupling, J 2 ≈ 0.2412. For still larger J 2 , g 0 becomes negative, and hence marginally relevant. The RG equation for the bulk marginal coupling constant, g, is:
Integrating from a scale, L 0 of order a lattice constant where the bare coupling has a value g 0 > 0 to an arbitrary scale L gives:
It is known that g(L) flows, at large length scales, to the weak coupling region where the expansion of Eq. (2.19) becomes valid. For large L, the integral in Eq. (2.20) is dominated by the small g region giving:
The constant L 1 cannot, in general, be determined by elementary means. However, if the bare coupling, g 0 is weak then: 
Note that the β functions for the Kondo coupling, λ K (L) and bulk marginal coupling, g(L) are the same, to cubic order except for the sign of the quadratic term. Hence the expressions, Eq. (2.11) and (2.23) look similar. There are crucial differences however. Eq. (2.11) is only valid at relatively short distances (high energies) where
decreases with increasing L. For g 0 < 0, there is a gap of order |g 0 |e −1/|g 0 | , corresponding to the spontaneously dimerized phase. The critical point, where g 0 = 0 is thus an especially good point for numerical studies since, for g 0 > 0 the slowly decreasing marginal coupling constant complicates finite size scaling.
Weakly coupling an impurity spin to a single spin at a generic point in a spin chain yields a model [6, 7] with essentially no relation to the standard Kondo model. On the other hand, the model of Eq. (1.2) with the impurity spin coupled at the end of the chain, is quite different. To see this, first consider the limit J
The open boundary condition leads to:
Thus the SCKM is equivalent to the FEKM for some non-trivial constant of proportionality between Kondo couplings, and with the Fermi velocity replaced by the spin velocity, ignoring the irrelevant operator. The low energy effective Hamitonian of the SCKM Eq. (1.2) has three main terms:
The first term, which we denote H 0 , corresponds to a free boson Hamiltonian, the second term is the marginal bulk interaction, and the third term stands for the Kondo like interaction at the boundary with
Using the boundary condition, J L (t, x = 0) = J R (t, x = 0) we conclude that we can regard J R (x) as the analytic continuation of J L (x) to the negative x-axis:
Hence we may write the Hamiltonian as:
When g = 0 this is the same field theory that describes the FEKM, Eq. (2.7), with v F replaced by v s , the spin velocity. A non-zero g leads to some differences, but since g is marginally irrelevant, its effects becomes progressively less important at long distances and low energies. We now consider the renormalization group equations for the model with both g and λ K = 0. The presence of the Kondo interaction, which is only at the boundary, cannot change the renormalization of the bulk interaction, g. On the other hand, the reverse is not true; the bulk marginal interaction has an important effect on the renormalization of the Kondo coupling constant. This can be viewed as resulting from the fact that the boundary operator J L (0), appearing in the Kondo interaction, which has a scaling dimension of 1 when g = 0 picks up an anomalous dimension of first order in g. This anomalous dimension was calculated in [18] :
[Note that, in [18] , g was normalized differently, so that g AQ = (
To solve (2.29) we may substitute g(L) from (2.23), yielding:
This differential equation can be solved exactly by defining a new effective coupling constant:λ
which obeys the RG equation:
Setting λ K (ξ K ) = 1, and using Eq. (2.23), one can obtain the renormalized expression for the effective Kondo coupling
This gives, for the Kondo length scale ξ K , the unusual dependence on the bare Kondo coupling λ 0 K :
where c is a positive constant of O(1).
Clearly, λ K (L) is not a scaling function of ξ K /L. Nevertheless, when the bare marginal coupling g 0 is very small, which is true when J 2 is tuned close to the critical point, the length scale
and then
, with a fixed bare marginal coupling g 0 Eq. (2.34) may be approximated:
Note that this dependence of ξ K on the Kondo coupling, We expect physical quantities with zero anomalous dimension to be generalized scaling functions. This means that they can be written as functions of ξ K /L and g(L) only. In general, they should have a Taylor expansion in the renormalized coupling g(L):
The leading term, f 0 (ξ K /L) should be the same as in the model with g = 0, the FEKM. Note that, due to the presence of the g
scaling becomes a better and better approximation at large L. More generally, the inverse length 1/L in Eq. (2.38) may be replaced by an energy scale such as a magnetic field. The modified (exponential square root) expression for the dependence of the Kondo temperature on Kondo coupling and the slowly decreasing correction, gf 1 , g 2 f 2 , . . . are the two main differences between the FEKM and the SCKM. In the following sections we demonstrate the correctness of this assertion by considering various physical quantities.
Kondo effect in the SCKM at J c 2
We first discuss the frustrated spin chain model (depicted in Fig. 2 ) with the Hamiltonian Eq (1.3). As we have already stressed, in this case the marginal coupling is exactly zero, g = 0, and the mapping to the FEKM becomes exact, up to strictly irrelevant interactions. Hence, in this case, by determining various constants numerically, it is possible to establish a precise mapping between the low-energy, long-distance sectors of the FEKM and SCKM. In sub-section 3.1 we numerically determine v s in the SCKM as well as the constant of proportionality between J ′ K in the SCKM and λ K = νJ K in the FEKM. Then, in sub-section 3.2, we directly compare Bethe ansatz results for the FEKM with DMRG results for the SCKM at J 
Here a is the lattice spacing and n(aj), the alternating part of the spin operators can be written in terms of the spin boson field in a non-linear way. At the end of the chain, due to the open boundary condition, we find that n(x) → constant × J L (0) and therefore:
where C is a non-universal constant, depending on the second neighbor coupling, J 2 in the Hamiltonian. (C has dimensions of inverse length, and is proportional to the inverse lattice spacing.) Now including a weak coupling, J ′ K to the first spin, the low energy effective Hamiltonian becomes the usual FEKM with the replacements:
Numerical parameters for the spin chain problem
Velocity of excitations: In order to make the above correspondence quantitative, one needs to determine exactly the spin velocity v s at the critical point J 2 = J c 2 . We can use the fact that the finite size scaling of the ground state energy for the uniform SCKM with J ′ K = 1 is simply given by [19] E
ǫ 0 , ǫ 1 and a 2 , a 3 are non-universal numbers, whereas the 1/L term is universal, proportional to the central charge (c = 1 here) and the spin velocity v s . Note that, v s will depend on J 2 and even though it is known analytically from the Bethe ansatz solution available at J 2 = 0 we need to determine it at J c 2 where no exact results are available. DMRG results for E 0 (L), computed on chains up to L = 1000 sites, are shown in Fig. 3 and fitted to Eq. (3.4). We have checked that fitting with a M th -order polynomial form in 1/L does not change the estimate of v s whenever M ≥ 3. Thus we found for the spin velocity v s = 1.174 (1) . (3.5) This is in good agreement with previous estimates [6] . Kondo coupling: Of course, to predict ξ K for the spin chain model we need to exploit Eq. (3.3) to relate λ K to J ′ K , the weak coupling of the spin at the end of the chain, where the constant C is determined by (3.2) . We emphasize that this constant C 
can be determined in the theory with zero Kondo coupling, J ′ K = 0 and we can therefore study correlations in chains of even length. A convenient way of determining C is to measure a long-distance correlation function in the spin chain and compare it to the corresponding correlation function in the continuum field theory. The simplest choice appears to be the end-to-end equal time correlation function:
The current correlation function is simply that of the free fermion model with the current defined in Eq. (2.6) and the fermion fields normalized as in Eq. (2.2). For an infinite chain this implies:
However, we need the correlation function for a finite strip. Using the fact that the open boundary conditions on a finite strip of length L are equivalent to periodic boundary conditions for left movers only on a circle of circumference 2L, we obtain:
giving the end-to-end correlation function:
As shown in Fig. 4 this correlation function can be determined very accurately using DMRG methods, from which we determine: From Eqs. (3.6), (3.9) and (3.10) we obtain:
From (3.3), using v s ≈ 1.174(1), we finally obtain the proportionality constant between Kondo couplings in spin chain and fermion models,
(3.12)
The triplet-singlet gap and Bethe ansatz results for the FEKM versus DMRG results on the SCKM at J c 2
A convenient diagnostic for testing the correspondence between the FEKM and the SCKM at J c 2 is the finite size behavior of the gap between the singlet ground state and lowest triplet exited state (for even L). Let us first consider the models with no Kondo coupling. Thus we consider either a free fermion chain or a Heisenberg spin chain with open boundary conditions. Noting that the allowed wave-vectors are k ≈ πn/L, we see that the excitation energy of a triplet particle-hole excitation in the free fermion chain is:
The same result holds for the spin chain with open boundary conditions [6] . The extension of this result for ξ K ≪ L, is easily obtained from Fermi liquid theory, by the usual replacement Eq. (2.14): In the weak coupling limit we may calculate ∆ ST in perturbation theory in the Kondo coupling, λ K . We consider a spin chain with an even number of sites, or equivalently a free fermion chain with an odd number of fermions, coupled to the impurity spin so that the ground state is a spin singlet. In the limit of zero Kondo coupling the ground state of the non-interacting chain is a spin doublet. First order perturbation theory in λ K couples this doublet to the impurity spin with a coupling constant πv s /L, giving a singlet-triplet splitting of ∆ ST ≈ (πv s /L)λ K . We expect that, as usual, higher order corrections will replace λ K by its renormalized value at scale L, Eq. (2.11), giving:
Hence, in general we expect the quantity
to be a universal scaling function of L/ξ K . The same function should occur for the FEKM and for the SCKM up to higher order corrections from irrelevant operators. Introduced 25 years ago, independently by Andrei [9] and Wiegman [10] , the exact diagonalization of the Kondo Hamiltonian (2.5) based on the Bethe Ansatz provides a powerful method to access several physical observables like the uniform susceptibility, the field induced magnetization, the specific heat, the thermodynamic entropy. Similarly to what was previously done using the Bethe Ansatz solution of the unfrustrated chain, one can add an external magnetic field along the z-axis B = B e z , which couples to the total spin operator S z tot . Then one can solve numerically for finite length chains the Bethe Ansatz equations [9, 10] in any S z tot sector and compute the singlet triplet excitation gap.
We have calculated Θ(L/ξ K ) for the FEKM by solving the set of coupled Bethe Ansatz equations for various values of the Kondo coupling J, where the convention of Ref. [1] was followed: J = π 2 λ K . In Fig. 5 are shown the results for the ratio Θ(L/ξ K ), successfully compared with the strong and weak coupling predictions Eqs. (3.14) and (3.15).
We have also compared these results to DMRG calculations performed on the Kondo spin chain model with J 2 = J The fact that the numerical estimates of not only the length scale ξ K , but of the entire scaling function coincide in the FEKM and the SCKM at J 2 = J c 2 is very strong independent evidence for the occurrence of Kondo physics in the low-energy sector of the SCKM at J 2 = J c 2 .
Finite size scaling of the ground state energy in the SCKM at J c 2
One way of estimating ξ K , in the case ξ K ≪ L, is from a universal correction to the ground state energy. This may be calculated from the Fermi liquid theory Hamiltonian of (2.12). It is well known that the ground state energy of the open spin chain has the form:
where e 0 and e 1 are non-universal but the third term is universal, depending only on v s and . . . indicates terms that drop off faster with L. We may include an additional boundary term from first order perturbation in the FLT interaction of (2.12) by replacing v s by its shifted value in (2.14), giving:
We emphasize that such a 1/L 2 term is always present, even for the uniform chain with open boundary conditions (J ′ K = 1) but that the factor of ξ K is of order the lattice spacing in that case. This term obtains a large coefficient at weak Kondo coupling. Combining these contributions we find for the ground-state energy:
Please note that, while the constants e 1 , e 2 describe bulk behavior and hence are independent of J ′ K , the surface term e 0 does depend on J ′ K . Secondly, the difference between e 2 and ξ K (J ′ K = 1) is largely a matter of convention. Thirdly, this expression for the ground-state energy neglects logarithmic corrections arising from the bulk marginal operator, g, assumed to be zero since J 2 = J Using DMRG results for the ground-state energy we now attempt to determine ξ K (J ′ K ) using Eq. (3.19). As outlined in Appendix B we can in this case eliminate the 3 first terms in Eq. (3.19) by using a form of Richardson extrapolation. We then arrive at:
where the coefficient c it is easy to extract the constant D using a simple polynomial fit. However, for smaller J ′ K we have found it necessary to fit to a (2,2) rational polynomial to improve the extrapolation. For J ′ K smaller than J ′ K = 0.3 it is no longer possible to extrapolate using rational polynomials and a reliable numerical determination of D becomes impossible.
As mentioned above, we expect ξ K to be O(1) for J ′ K = 1. In previous work [3, 12] we used Fermi liquid theory to determine ξ K (J ′ K = 1) = 0.65 and here we use this result to calibrate our data. In particular, we use this result to determine the coefficient e 2 using our previous estimate for the velocity, v s , finding e 2 = 0.0841. The remaining ξ K are then trivial to obtain. In table 2 we list D(J ′ K ) along with the resulting ξ K . These independent (and absolute) estimates of ξ K very nicely agree with the ones previously obtained in table 1 clearly establishing that the same length scale ξ K can be extracted from the scaling of the ground-state energy and the singlet-triplet gap as one would expect from Kondo physics.
Kondo effect in the nearest neighbor SCKM, J 2 = 0
We now turn to a discussion of the nearest neighbor SCKM, Eq. (1.2), in the absence of any second neighbor coupling (J 2 = 0). As outlined, the bulk marginal coupling in the SCKM, g, is in this case non-zero, g > 0. An exact Bethe ansatz solution of this model was developed by FZ [8] . We start by showing QMC results for this non-frustrated model, before presenting BA results for the singlet triplet gap. Then we discuss the connections with the usual Kondo physics.
Impurity susceptibility
We now want to compute the spin susceptibility of the SCKM defined in Eq. (1.2). We take advantage of the non frustrated nature of this antiferromagnetic spin chain model to perform large scale QMC simulations using the Stochastic Series Expansion of the partition function in a loop algorithm framework (see Ref. [20] for details).
Quantum Monte Carlo results
While the QMC simulations are done on finite size systems, on can still define the impurity susceptibility by
where L + 1 corresponds to a system of L spins in the bulk coupled to 1 boundary impurity with J ′ K , and L corresponds to a pure chain of L spins (see Fig. 1 ). The QMC simulations have been carried out for L = 512 at low temperatures for various Kondo exchange couplings, J ′ K . While we are not in the thermodynamic limit L → ∞, we still expect for such a rather big system size that one can capture all essential features of the Kondo physics present in the spin chain model. Results for χ(513, J ′ K ) are displayed in Fig. 7 where a clear upturn is visible at low temperature. As in the usual Kondo problem, one expects the impurity spin to be essentially free at very high temperatures T ≫ T K , leading to a Curie-like divergence ∼ 1/T . On the other hand, when the temperature is decreased, the effective Kondo coupling starts to grow and the impurity eventually becomes screened when T ≪ T K , forming a strongly entangled spin singlet with the bulk, and thus resulting in an absence of features in the total susceptibility.
Scaling properties and Kondo temperature
As in the FEKM, one might expect the impurity susceptibility to be a scaling function of T /T K up to logarithmic corrections coming from the bulk marginal operator g. More precisely, weak and strong coupling regimes are characterized by the following behaviors:
In the weak coupling regime, the lowest order perturbative expansion
has been used to start building the scaling plot for T K × χ imp , as shown in Fig. 8 where the data of Fig. 7 have been used to compute χ imp .
Step by step, the temperature axis has been rescaled with the Kondo temperature T K like T → T /T K in order to produce the best collapse of the data onto a curve which reproduces the expected behavior for the usual Kondo problem (see Ref. [2] for instance). Ignoring scaling violations arising from the bulk marginal coupling (which we expect to be small), one expects the scaling plot shown in Fig. 8 to give a rather good estimate of the Kondo temperature T K for the Heisenberg spin chain. The resulting estimates for T K (and thus ξ K = v s /T K with v s = π/2 for the Heisenberg chain) are listed in the table 3, and plotted in the inset of Fig. 8 . One sees the Kondo energy scale T K going to zero exponentially when J ′ K → 0. We have successfully compared these estimates to the FZ form [8] 4040  727  182  73  40  11  4   Table 3 . Kondo temperature T K and the associated Kondo length scale ξ K = π/(2T K ) for the SCKM (J 2 = 0), Eq. (1.2), with a Kondo coupling J ′ K . The values are estimated from the impurity susceptibility data (see Fig. 8 ).
One technical remark has to be mentioned about the QMC data for χ imp . At the strong coupling fixed point it is quite difficult to simulate the system at very low temperature T ≪ T K and in the scaling limit T ≫ v s /L at the same time. Finally, as briefly mentioned above, we expect that the bulk marginal interaction will lead to small corrections to the susceptibility.
Bethe ansatz solution
We start from an open Heisenberg chain with a boundary spin impurity Eqs. (1.2) and an external magnetic field B = B e z
This model has been shown to be integrable [8] and allows a Bethe Ansatz solution which, in the case where the impurity spin S imp = 1/2, reads
M is the number of down spins, the function e n (x) = x+ni/2 x−ni/2 and the impurity coupling
Note that theλ K defined here is not the same as the λ K defined in Sec. II. It is more convenient to re-write Eq. (4.6) as
Then we get
where θ(x) = arctan (x), the I j are all integers and j = 1, ..., M. The total energy in an external magnetic field B can be expressed [8] 
(4.10)
Singlet-triplet gap
For the J 2 = 0 spin chain with open boundary conditions, the result Eq. (3.13) is modified, to first order in the marginally irrelevant bulk coupling constant, g(L) to [18] : For J K = 1 we expect Eq. (4.11) to continue to hold in the strong coupling limit of the SCKM, ξ K ≪ L, but we may also include the Fermi liquid correction of Eq. (3.14):
Note that this result is to first order in g(L) and first order in ξ K /L only. It should be corrected by a Taylor series in these 2 coupling constants. We also emphasize that the g(L) ∼ 1/ ln(L) term is the dominant correction in this expression. Hence, in order to verify the presence of the term proportional to ξ K it is natural to study the following 
quantity:
where we have included the leading terms in the expected Taylor series in the 2 coupling constants. In particular, one might expect a term of the form
) to be present in the finite-size corrections to ∆ ST (L). The analytical calculation of the coefficient of such a term would be challenging since it would involve diagrams with 6 current operators. In the opposite limit L ≪ ξ K we can calculate ∆ ST (L) in perturbation theory in λ K , Eq. [18] . In addition, as outlined in Appendix A, it is also possible to derive the universal term in the ground-state energy arising from the coupling between g and ξ K :
(4.14)
Combining the various results, we find for general J 2 ≤ J c 2 and
It is interesting to consider the "impurity magnetization" M imp as it is usually defined in the theory of the Kondo effect. This is the additional magnetization resulting from adding the impurity. For the spin chain this is naturally defined as:
(4.23)
Ignoring a term m 0 (H), the bulk magnetization per unit length, which is smaller by a factor of (H/J) than the other contributions, we see that:
The first line in M imp in Eq. (4.22) is precisely the standard result for the FEKM, at 
we can write it in terms of g(H) and λ K (H).
This could be Taylor expanded in powers of g(H) and indeed has the form of Eq. (2.38). However, we find the peculiar non-analytic form of Eq. (4.26) puzzling.
Clearly, this expression does not have a joint Taylor expansion in g and λ K .
Conclusions
Our main results for ξ K = v s /T K are summarized in Fig. 11 for the SCKM at J 2 = 0, panel (a), and J 2 = J [8] . The non-zero marginal coupling g > 0 destroys scaling with ξ K /L and reliable estimates for ξ K can only be obtained from a numerical determination of finite-size corrections. However, the strong coupling fixed point remains that of a completely screened impurity and the usual Kondo physics is still present in this case albeit obscured by significant logarithmic corrections arising from the bulk marginal operator, g. Hence, we expect physical quantities to behave Table 3 ξ K from ∆ ST , Table 4 FZ, Eq. Table 3 ξ Κ from E gs , Table 4 ( the same way as for the FEKM with corrections which only vanish logarithmically with decreasing energy or increasing system size:
where f 0 (L/ξ K ) is the universal scaling function occurring for the FEKM. Several open problems pertaining to the Kondo effect as it occurs in the SCKM at J 2 = 0 (g > 0) remain. First, as briefly mentioned in section 4.1 we expect that the bulk marginal interaction will give rise to small corrections to the susceptibility, precise analytical or numerical results for such corrections would be desirable. Secondly, in section 4.4 we derived an analytical result for the coefficient of the (πv s /L)g(L)ξ K /L term in the ground-state energy, Eq. (4.14), lending support to the proposed form of the scaling corrections Eq. (2.38). However, even though our numerical solution of the Bethe ansatz equations show a logarithmic term of the correct order the sign appears to be the opposite of that of Eq. (4.14). A possible explanation for this would be that higher order are significant and change the effective sign seen in the numerics. Further analytical insight to the higher order terms or drastically improved numerical results would be valuable to resolve this questions. Thirdly, additional support for the proposed scaling corrections, Eq. (2.38), in the form of an analytical calculation of the coefficient of the (πv/L)g(L)ξ K /L term in ∆ ST would also be of considerable interest. We have so far not been able to derive this coefficient in a simple manner. As pointed out in section 4.5, we find the peculiar non-analytic form of Eq. (4.26) puzzling since it does not have a joint Taylor expansion in g and λ K , an issue we hope will be resolved in the near future. Finally, we hope that the spin chain Kondo models studied in this paper will help experimentalists for a better understanding of impurity effects in spin chains materials.
For infinite L, standard perturbation theory to first order in g and ξ K gives:
From Eq. (A.2) setting τ → 0, z 1 → τ + ix, z 2 → τ − ix, and summing over a = b, this is:
(A.5)
Note that all 3 terms in Eq. (A.2) contribute with the 2 last terms giving 1/2 the contribution of the first term. Also note that the integrand is an even function of x so we can extend the region of integration to −∞ < x < ∞. Doing the x-integral gives:
This integral is divergent. We cut it off, |τ | > τ 0 , giving:
This is a non-universal term with no L-dependence. To get the L-dependent term we need the generalization of Eq. (A.2) to finite L. This is obtained by:
(A.8) the x and τ integrals (with the cut off on the τ integral) can again be done exactly. Again the integrand is an even function of x so we can extend it to −L < x < L and then change variables to z = e iπx/L . The resulting contour integral is elementary, with a double pole inside the contour giving:
(A.9)
Doing the cut-off τ integral exactly gives:
(A.10)
Now we Taylor expand to second order in τ 0 /L giving:
So the desired universal term is:
Reinserting the factor of v s which was set to 1 gives the O(g/L 2 ) term in Eq. (4.15).
Appendix B. Extracting the 1/L 2 Term in E GS
In this appendix we describe a form of Richardson extrapolation that is useful for isolating the 1/L 2 term in the ground-state energy needed to extract ξ K in Eq. (3.19) . We assume that the ground-state energy is of the form, Eq. 
